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Al. OEQPHMA @
‘Eotw pla cuvaptnon f oplopévn os €va dlaot Av
e n f elval ouvexng oto A kat
e f’(x) =0y kdBe ecwtepLkd on usi@, %
10te N f elval otaBepn og 6Ao T0 6L A.@
AMNOAEI=H %7
Apkel va amodeioupe OTL yL %&r’m@l, X, € A woxvel f(xq) = f(x,) .
MNpayuortt &@7
® AV X; =X,, t0te Mpodavwg f (xz).
o Av X< Xy, %@o 6La [x1,Xx,] n f wavomolel ti¢ umoBéoelg tou

Bewpnpatog U NG. EMopévwg, urtapxet € € (Xq,X,) TETOLO, WOTE

- vy FG) = fxn)
? X @ === (1

L’@ﬁ elval eowteplkd onpeilo tou A, oyxvel f '(€) = 0, omodte, Adyw t™ng (1),
X1y=f(x,). Av X, < X4, TOTE opoiwg amodewkvuetal ot f(x;) = f(x,).

@é?\sq AOLTTIOV TIC MEPIMTWOELG, elval f(x;) = f(x,).

A2. OEQPHMA
‘Eotw oL ouvaptnoelgf, g, h. Av

OEMA A

Erneld




e h(x) < f(x) £ g(x) kovta oto Xg Kal
limy, h(x) =limy,, g(x) =1€R

Tote limy,, f(x) =1€R. @7

A3. OPIZMOz
Eotw f pa ouvaptnon oplopévn o €va étdornu ApxKy ouvaptnon n
napayouvca tn¢ f oto A ovopdletal kaBs cuvapt r] ou eival mapaywyiolun

oto A kat loyxVeL: F'(x) =f(x), ylwakdBe xeA. %7

Ad. o)A, B)Z, v)I, 8)I, €A

&
%

f(x) =2In(x—1),g(x)=vx—2+ 1

BL. Dy = (1,+%)D, = [2,+°°) @

Mpenetx € Dy kat  g(x) € Dy, apa:
X € [2,+°) kat + 1

Ar])\a6r']x>2|<ou %@71 2>0<=>X>2)

apa Dgog = (2, +°°)
(fog)(x) = f(g(x))

B2. (x—2),x>2
h(xﬁ ~2)) == >0,vx>2

T@QL yvnoiwe avfouoa, dpa kot 1-1, emopévwe umtdpxet h~1

hyv.aité.

% =T, = h((2,40)) = (limh(x)limh(x))=R

x—2" X—>+o0 =]R



adou
Uo

0
e [lim ln(x—Z)u  liminu = —oo %
x-2% u—0

Ug=+c°
e [lim In(x—2) “I7 lim Inu = 4oo @7

X—+oo u—-+oo Q
loxVeLh(x) =y © x = h™1(x) g@

Etoth(x) =y,uey €ER

x—2=¢eY ;g

x=eY+2,yER.

Enouévwg h™1(x) = e*+2,x € R. %
.S .. 2In(x-1) (E) \%1 \gz ~

g3, My, ~lm—" DTH 1 éﬁ‘;ﬁx— =2

x—2 X—2 2 2

3
. f:R-R f(x)=~ ";11

o % ’ ’ Iim/(x)eR
Adou f Exel oprl0 ﬂaouuntwm OTO +°° TIPETEL x>+

X

3
. . KX .
Avk#0 :hmyy, o f(x)=lim,_ — - lim, o Kkx.

Kx3

. i@ 0 tote : lim, o f(x) = lim,_, o — = lim,,_,, o KX =+ oo, dtomo.

2

1) I ! I x
@ Apa gival k = 0, omote eival f(x) = xg+1'

UX ),_u-(x2+1)—ux(2x)_ux2+u—2ux2_—ux2+u
x2+1/ (x% +1)? X2+ 1D)2 T (x2+1)2

3
, . . KX . I
K< 0 Ttote : limy, o f(X) = lim,_ o — = lim,,_, ;o KX = - oo, dTOMO.

P = (



Adou y=x epantopévn tng Cf oto 0 (0,0) mpémet:
f'(0)=1=>§:1=>,,¢=1.

r2. @7
Exoupe f(x) = ﬁ,Df =R

1-(x2+1)—x-2x  x%+1-2x2 1-x2

i) ()= (x?+1)? - (x%+1)? - (x2+1)?
f(x)=021-—x%2=0 +1

x - 00 1 %ﬁ‘ +00
oo | b b

f NN

o Je kaBéva amod ta Staothpata ( ] K@oﬂ n f eivat yv. $Oivouoa.
040

. : -
o 270 Slaotnpa [—1,1], felvar yv. adto )
e ot0 x; = —1 t. €kdyioto =—3
1

O

® OT0 X, = @2
") Eotw Al = (& %1; 1]1A3 = (11 +°°)
.$0. . 1
o £(a)) = £((~= 1)) =" [f(-1), lim f(®)) = [~ 3,0)

o« f(A) =1(-1,1D =" (limfC),f(D] = (=35

o FAE ftro) "2 (1im £, limf(x) = (0,3)
11

apa L. T.f = f(A) U f(A2) U f(43) = [-3.3]
fif%%x)=%+a2,aeﬂk

@Ad)of)a € R woyveta? > 0 = a? +%2%
o a’+ % & f(4,) dpan e€iowon AEN €xeL pila oto A;.
% o a’+ % € f(4,) (ya a = 0) apa n eiowon €xeL 1 povo pila oto A, tnv
x =1 (adou fyv. avéouvoa oto A,).
o a’+ % & f(43) apan eélowon AEN éxeL pila oto As.



Emopévwg n e§iowon f(x) = % + a? éxet 1 MONO pila tnv x = 1.

1 x2v+1
r3. Iv - fO x241 %
1 x2V+1 1 x2(v+1D)+1 \;/
i L+ = fo Z2rq X fo 211 X T Q

x2+1

1, 2V+1 | 4 2V+3 1 xz"“(/l/i—\x
= = dx =
0 0

v=1 1 1
\( —>11+12=Z:>12=Z— =
1-2+4+2In2 2
@: I, = 2 =
eEMA&?ﬁ
g n@&%tun, g’ ouvexng
0 <glx) <1 Vx€eR
% gx) #1 Vx€R
.Eotw h(x) = g(x) + x

H h(x) ouvexnc oto [-1,0] w¢ aBpolopa cuvexwv




h(-1)=g(-1)—-1<0
h(0) = g(0) > 0 %
h(0)-h(1) <0
Amno O. Bolzano, undapxetx; € [—1,0):h(x;) =0 = g(xq) + )@7

h'(x) = g(x) + 1 % 0 Q

kKat h’” ouvexng, apa n h’ dtatnpet mpoonuo.

Apa n h yvnolwg povotovn, emopévwe n pila ival uo@n.

x%(g(x) + x), X € (—eo,0)
A2.f(x) = <2nux +epx — KX, XE [0,% &

£(x) = £(0)

limy o~ — —o— = limyo- (x(g(x) + @;

f(x) — £(0 200X +EPK = !ﬂ'?'
lim,_ o IO NHX 72X = Kk o (200 4 I

x—0 @ Z/R X X * OUVX
=2+1—-k=3—k. (%7

A3. @7 ?

Ta x€ [O,E) elval :@ 2 % X — 3X.
2

Oa deifoupe otL f@, on@ . Npaypartt :

f elvan napayw@ype f'(x) = 20uvx + 12X —3=

ouv

20UVv3x +®ouvzx 200v3x — 3ouvix + 1
V2X ouvZx

B ZO%ﬁ/f 20uv2?xX — ouv?x + 1 B

ouvZx

20uv?x(ouvx — 1) + (1 — ouvx)(1 + ouvx)
@ ouv2x B

1
_ (ouvx — 1)(2ouv*x — 1 — ouvx) _ (ouvx —1) -2+ (ouvx — 1) - (oLVX + 5) B

ouvZx ouvZx




2(ouvx—1)2. (ouvx+%)

= > 0 ywa kdBe x € [0, g), LLE TNV LOOTNTA ,@ EL HOVO

ouvZx

yLa x=0. \@7

Apa f yvnoiws avéovoa oto [0,%) Q

V.avgs.

Mo x = Ofy:) E fG)=f(0)=f(x) = 0@0,2)
i) Exoupe tnv glowon f(x) = g g\g

T frv.ads.
2T, =71 ({OED = | £(0).limf(x) | =[0,+ @%
Adou Q©
. 3n
lim (2nux +epx —3x) =2-1+ ( 7é%+

X—=
2

Kouacbo()gEZ.T.f kat f y¥nolwg

wla

Apan eélowon f(x) == ¢ no

A4. i) Eoww h(x) = & x. \
Tote h(0) = g(0) Kol h@@g(xl) +x;,=0

h'(x) = g'(x) Zyy; adol h’ cuvexis. Apa n h'(x) Slatnpel otaBepd mpdonpo.

Av h'(x) < \

hyv.d
X <0 1) >h(0)=g(0)>0=0>0. Atomo

yv. ¢Bivouoa, onote

, j hyv.avé.
Apa f% = h yv. abfouoa. Toteylax € [x4,0] elvat x = x;, =

%2 h(xy) = 0= g(x) + x = 0 kaw adol x% > 0 énetal
gx)+x)=0 oo [x4,0)=f(x) =0 oto[xg,0).

i) E(Q) = fxfl(XZ) f(x) dx pe f(x,) = gKOLL f(x) >0 Vxe [xl,g] :



Apa E(Q) = f f(x) d x kat Loxuetf f(x)dx = 3f(x) dx (1) %

fox g0 dx = [Pg(]2, — 3x g(0 dx =

= gt~ [ 3000 - x3>dx—><1‘3 X)d ¢

0 4
= f f(x)dx+3[ ] = X7 — f(x) 3
—3 0 fx) dx BﬁW@)dx <ﬁ§§5

Oqu %
T ) 7;
3 3x

f§f(x) dx = 3(2nux +epx —3x)dx @Zouvx — In(ouvx) — — =

0 0
=—2——m-——+2—1+hﬂ ng
TL'Z
Apafxlx g(x)dx—:—3(1+ z % 3-3In2+—.
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